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1 Introduction 



The type IIB superstring theory in the pp-wave background with Ramond-Ramond 
flux PjJ |2] has drawn considerable attention recently, mainly because it arises in a 
certain limit of AdS/CFT correspondence [3 IH E] and describes a particular set of 
operators in the dual super- Yang-Mills (SYM) theory j5j. The relationship between 
string states and field-theory operators, a cornerstone feature of the gauge/string 
theory duality jH], is remarkably simple and explicit in the pp-wave limit. The oper- 
ators in some sense correspond to discretized strings which are built out of a finite 
number of partons 0. The parton picture of the string, and also the fact that string 
theory in the pp-wave is most easily quantized in the light-cone gauge, is suggestive 
of the use of the string bit models which were proposed a long time ago to describe 
strings of partons in the light-cone frame jjj- The key observation is that the length 
of the string in the light-cone gauge is proportional to light-cone momentum P + [S]. 
Therefore it can be interpreted as an ordered array of partons, each of which carries 
a fixed small portion of the P + . The continuous string is recovered in the limit when 
the number of partons becomes infinite. 

In the context of the pp-wave string partons are elementary fields of the SYM the- 
ory and the string Hamiltonian arises from their perturbative interactions [[5]. The 
string bit model in the pp-wave background was introduced in GH| and gives an 
elegant unified description of the multi-string Hilbert space and of the string inter- 
actions. The string interactions correspond to 1/N corrections in the SYM theory, 
and it was proposed that the string bit model can describe operator mixing in the 
SYM theory non-perturbatively ml/N (TU1HI1H2] ( see [HUES! for the discussion of 
operator mixing on the field-theory side). 

It was noticed in (T^j that pp-wave string bit model potentially suffers from the 
fermion doubling problem. The fermion doubling is not specific to the pp-wave string 
and was discussed earlier for the supersymmetric string in flat space ^E] ■ The fermion 
doubling implies the appearance of spurious low-energy modes of fermions in lattice 
field theory [17j . The wave functions of these modes are sign-alternating with the 
period of two lattice spacings, i.e. they have a momentum of the order of the lattice 
cutoff. Their energy is nevertheless finite. In the context of the string bit model, 
doublers threaten to destroy the correct string spectrum in the continuum limit and 
should be eliminated before the continuum limit is taken. In [TS], where the flat- 
space superstring was discussed, it was proposed to add a mass term for doublers 
in such a way that they become infinitely massive in the continuum limit. It would 
be interesting to generalize this method to the pp-wave background. We advocate 
an alternative approach to the doubling problem. Instead of removing the doublers, 
we propose to reduce the fermion content of the string bit model by half and to 
regard doublers as physical states. Our approach closely follows one of the well-known 
methods to tackle fermion doubling in lattice field theories |18[ IT^j . The fermion 
doubling will automatically recover the correct string spectrum in the continuum 
limit. An important point to note here is that doubling produces a pair of identical 
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fermions, and indeed there are two world-sheet fermions in the type IIB string theory 
with the same quantum numbers. 

The outline of the paper is as follows. In section two we introduce a new string-bit 
Hamiltonian, in section three we propose new supersymmetry generators, in section 
four we investigate their algebra, and in section five, finally, we present some conclu- 
sions. 



2 The string-bit Hamiltonian 

The light-cone Hamiltonian for the IIB Green-Schwarz superstring in the pp-wave 
background is given by pQt 

^continuum = \ J da (p 2 + x' 2 + x 2 + t66' - 106' + 2i9W) . (2.1) 

The essential ingredient of the string-bit model is a discretized version of this Hamil- 
tonian. The main advantage of the discretization is the possibility to describe string 
interactions in a combinatorial way. The Fock space of a discretize string naturally 
includes multi-string states, and consequently string interactions can be introduced 
by just adding extra terms to the Hamiltonian 0. Such a simple description of inter- 
actions is impossible for the continuous string. Our main goal, however, is to address 
the doubling problem, which arises before the Fock space is extended to include mul- 
tiple strings, and we shall concentrate on the Hilbert space of a single string in what 
follows. 

The string bit Hamiltonian of jU] is the straightforward discretization of (j2.1j) : 



string bit „ / 



J i 

2 _|_ 2 j _( _ \2 

a 1 



% % ~ ~ ~ 

H Orfin+l Orfin+l ~ 2i9 n U6 n 

a a 



(2.2) 



To be more precise, this Hamiltonian is the gauge-fixed version of the string bit 
model. We believe, however, that a gauge-invariant generalization of our approach, 
and an inclusion of multi-string states, should not cause any serious problems. In the 
above expression the inverse lattice spacing 1/a should be identified with the 't Hooft 
coupling of the dual SYM theory , and the phase space coordinates are understood 
to obey the following canonical commutation relations 

[Pn, <] = ~- Saturn, R, = - ^Xm, fljj = - 6 ab 5 nm . (2.3) 

L J a a a 



^We use the notations and conventions of j2H| f° r SO (8) spinors and Dirac matrices. The word- 
sheet fermions are in the 8 S of 50(8). The mass matrix H a b — 7ai7f c 7 3 ;7^, is symmetric and 
traceless, and explicitly breaks 50(8) to 50(4) x 50(4). 
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Here i = 1 ... 8 and a = 1 ... 8 are indices of the vector and of one of the spinor 
representations of SO(8). The other spinor representation will be denoted by dotted 
indices. 

A straightforward discretization of the supersymmetry generators yields: 



Q 



string bit 



Q 



string bit 



£ 

n=l 
J 

£ 

n=l 



(2.4) 



The Hamiltonian and the supercharges are diagonalized by Fourier transforms given 
by 



J/2-1 



V J P=-J/2 

J/2-1 

V J p=-J/2 



J/2-1 



2iripn/J 



P 



_J n p 2mpn/J 

.n 



2iripn/ J 



^ V=-J/2 
J/2-1 

a — R p 2mpn/J 



(2.5) 
(2.6) 



p=-J/2 



which leads to a Hamiltonian of the form 
H 



J/2-1 

a \^ 

9 2-^ 



-J/2 



4 2 p7l 

PpP—p JCpX—p -\- -^XpX—p sin — — 



1 ~ ~ 2n7r 

+ - (# P #-p - ^^-p) sin - 2i0„II0_ 



J 



(2.7) 



It is now easy to see that the kinetic energy of fermions has two zeros, at p = 
and at p = J/2, in each Brillouin zone. As a consequence there are twice as many 
light fermion states as there should be in the continuum limit. The bosons do not 
suffer from this problem, since modes with p ~ J/2 have energies of order of the 
cutoff and decouple in the continuum limit. The fermions states with momentum 
close to J/2 are potentially dangerous, since their energy is finite in the continuum 
limit and they may mix with physical states when string interactions are taken into 
account. In addition, as shown in the variation of H under the supersymmetry 
transformations fails to vanish. 

We propose a mild modification of the string bit model which is free from the dou- 
bling problem. Actually, instead of viewing it as a problem, we shall take advantage 
of the fermion doubling. The key observation is that the spectrum of the type IIB 
superstring contains two fermions transforming in the same way. This suggests that 
the right spectrum can emerge as the result of the doubling of a single fermion species. 
The idea is then to start out with half the number of fermions in the discretized case 
and let the fermion doubling provide for the missing states in the continuum limit. 
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Since the momenta of the doublers lie close to the boundary of the Brillouin 
zone, their wave functions in the coordinate space are approximately sign alternating 
with the period of two lattice spacings. We can couple doublers to the normal low- 
momentum modes by introducing the sign factor (—1)™. A Hamiltonian that achieves 
this goal is obtained from (|2.2j) by omitting the 6 and introducing the staggered mass 
term*: 



H 



j 

a x ^ 

2^ 

n=l 



J r ., 

2 L 2 I I \' 1 

a 1 



1 

a 

a v-^ / 4 n J97T 

- ~ - p sm — 



(2.8) 



y I PpP—p -\~ XpX—p ~\- ^ XpX- 
p=-J/2 V 

H — 0p6- p sin — — + i6 p+ j/2ll6-p cos — — 1 . (2.9) 

(X u u J 

In the continuum limit, where J — > oo and a — > 0, we recover (|2.1jl if we make the 
identification 

^ P = ^+j/2- (2.10) 

There are two sets of low-energy modes: 8 P and 6 P with p J. In the coordinate 
representation the physical fermions are linear combinations of lattice variables on 
two neighboring sites: 

na ^~ ( Q a { Q a \ 

K - \{-^) n {0 a n-e a n+1 ). (2.11) 

That is, P (for finite p) corresponds to fluctuations around a constant 9 n , while 9 P 
corresponds to fluctuations around a staggered state where 9 n is alternating between 
the lattice sites. 



3 The supersymmetry transformations 

We must now turn to the subject of supersymmetry. The discretization of the super- 
charges and the definition of the supersymmetry transformations on the lattice is a 
very subtle procedure. For instance, the straightforward substitution of the fermion 

* Strictly speaking, we should assume that the number of sites in the lattice is even. Otherwise, 
(— 1)™ is not a periodic function on the lattice, and the mass term will contain a "defect" near 
n = 0. Its effect, however, should disappear in the continuum limit, and for this reason the difference 
between lattices with an even and an odd number of sites should not affect our main results. This 
difference between even and odd lattices was recognized earlier for the flat-space superstring |16|. 
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variables ()2.11|) into the supercharges (j2.4j) does not work. The supersymmetry trans- 
formations then mix low-energy degrees of freedom that survive the continuum limit 
with heavy lattice modes, which renders truncation of the superalgebra to the low- 
energy sector inconsistent. We propose to start with the original supersymmetry 
generators in (j2.4j) above, make replacements according to (j2.11|) . and in addition 
replace bosonic variables by their symmetric combinations 



{Pn + Pn+l) ' X n ~ > \ X n + X n+l) • 



(3.12) 



In this way we get for the supercharges: 

j 



Q 



E 

n=l 



n+l) 



-ir(4 + 4 +1 )yn(0 n -0 n+1 ; 



+ -K+2 - Ol l (0n + 0n+l) 

a 



(3.13) 



and 



Q 



E 

n=l L 



(-i)"(K + K + i)7 



7 n+lj 



+ (< + < +1 ) 7 m + e n+1 ] 



- -(-i) n (^ 



n+2 



4)t*(0„ - ^+i) 



(3.14) 



As we shall now show, these operators have the desired properties. Straightforward 
calculations give the following supersymmetry transformations: 



[Q,4] 

[Q,Pn] 
{Q,0n} 



— Y 

4 [ 



-l + 26> n + 6 n _i) 



-(-i) n 7 i n(^ +1 -2^ + ^_ 1 ) 

% 

— -7- l % {Qn+l + Qn — dn-l ~ On-2), 

4a 

^4+1 + 24+^-1)7* 

- i(-i)«(4 +1 + 24 + xt 1 )7 i n 



(3.15) 



(3.16) 



(3.17) 
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and 

[Q,x* n ] = \{-l) n l i {e n+1 -29 n + e n ^) ) (3.18) 
[Q,Pn] = l -j i U(9 n+1 + 29 n + 9 n ^) 

- -9 n - 9 n „t + n _ 2 ), (3.19) 
4a 

{Q,0n} = ^(-l) n (^ + l + 2 K+K-l)f 

+ ^K +1 + 2< + <_ 1 ) 7 4 n 

- l(-l)«(4 +2 + < +1 - < - 1^)7*. (3.20) 
After Fourier transforming these become 

[Q,4] = -*cos 2 ^ 7 ^ P , (3.21) 

[Q,p*] = -^cos 2 ^7™ P -i/2 + ^sin^cos 2 ^e-^/ J 7^, (3.22) 
{Q,e P } = cos 2 yp;y - sin 2 y 4 +J/2 7TI 



^ s i n I| C0S 2?| e -p/^y ) (3-23) 



and 



[Q,4] = -W^fW^ (3-24) 
[Qj p ] = zcos 2 ^ 7 ™ P -^sin^cos 2 ^e-^/ J 7^ + J/2 ? (3-25) 



{Q,9 P } = sin 2 ^-p^j^Y + cos 2 y ar*7*n 



+ £ cos ^ sin 2 ^e^/ J x; +J/27 J . (3.26) 

In the continuum limit, focusing on the light modes with momenta close to zero, the 
transformations reduce to the expected expressions: 

[Q,x i ]=-i'y% [Q,x i ]=-i'y i e, 

[Q, = -iyU9 - 2ijW', [Q, p*] = i7*II0 + 217*0', 

{Q,9} =pY-2x'Y, {Q,fl}=-a;Vn, 

{g,0} = xVn, {Q,0} =pV-2x'y. 

A crucial observation is that there is no undesired mixing between low energy and 
high energy states. In particular, the cos 2 np/ J factor in (j3.21|) makes sure, for p close 
to J/2, that there is no mixing of the low energy mode 9 p _j/2 into the supersymmetry 
transformation of the high energy mode x p . This is a necessary property if we want 
to achieve a consistent supersymmetric truncation to the low energy sector. 



(3.27) 
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4 Checking the superalgebra 



The results of the previous section are very encouraging, but we also need to check 
that the pp-wave superalgebra emerges in the continuum limit. Straightforward cal- 
culations show that 



[Q,H] 



Rn E ( : 



n+2 



24 + 4_ 2 ) Y (0 n -0n-l) 



n=l 
J 



+ g!](Pn +2 -2K+K- 2 )7^n 

71=1 
. J 

-~ E «+2 - 2< + <_ 2 ) (-1)" 7 ™ n - 

n=l 
J 

+fE (4 +2 -24 + 4-2)7^ 

n=l 
J 

+^ E (pU - 24 + pU) (-i)Vn0„. 



n=l 



which can be Fourier transformed to 



j/2-1 



4e 



sm 



p=-J/2 



2np 



+ i(p i p Ye~ P + e 2mp / J x p yw J/2 ^ ) 



p I —p 1 ~p 

T 



+ - sin ^ e ^ p/J x; 7 ^_ p 



(4.28) 



(4.29) 



Clearly, the supercharges do not commute with the Hamiltonian, but it is easy to see 
that the commutator either vanish in the continuum limit (as J — > 00), or is zero 
provided that we put the heavy lattice modes to zero. 

We can also check that the anti-commutators of supercharges agree with the pp- 
wave superalgebra pQ up to terms which decouple in the continuum limit. We find: 



Q a ,Q b } = 25 &b (H-V) + 2( 1 W) &b (K ij -TV), 
Q(a,Qb)\ = 25 hb V + 2( 1 i U 1 >) dh S i \ 



(4.30) 
(4.31) 

(4.32) 
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where 



n 



j 

a x ^ 

32 ^ 



n=l 



(p n+2 + 2p n+1 + p n ) 2 + -^(x n+3 + X n+2 ~ X n+1 - X n f 

2i 



+(x n+2 + 2 Xn+1 + x n y + - e n (56 n+1 + e n+3 ) - m(-i) n e n m n+1 



,(4.33) 



1 J 

^ = — ({p n , + 3x n+2 + 2x n+ i - 2x n - 3a;„_i - x n „ 2 } + 8z6» n 6» n+ ^.34) 



V 



16 ^ V ; 



n=l 
J 



n=l 



'Pn{Pn+2 ~ Pn) n ^nV^n+S — 3x n +i) + X n (x n +2 — X n ) 



#n(#n+3 — #n+l) 

a 

J 



n ' j = ^y2(-l) n x { :(x n+3 -2x n+2 ~3x n+1 + 2x n )^ 
16 z — ' 



n=l 

j 

a 
16 



r"' = ^^(-i)>£(x„ +2 -2x„ + x n _ 2 ; 



n=l 



5»i 



(4.35) 
(4.36) 

(4.37) 

(4.38) 



n=l 



The 5^ terms in the anti-commutators of Q and Q have the right structure, 
the other terms are lattice artifacts and should go to zero in the continuum limit. 
The operator 7i is just another discretization of the string Hamiltonian and V can 
be regarded as a lattice counterpart of the momentum operator. One should note, 
though, that Ti do not agree with H when evaluated on the heavy lattice modes. 
H would lead to a similar doubling problem as before, but now for the bosons, and 
could not serve as a new Hamiltonian. This is expected, since we can only hope for 
the supersymmetry algebra to close when applied to the low-energy states. Indeed 
the difference TC — H goes to zero in the continuum limit. The same happens to the 
structures that do not appear in the continuum superalgebra. The operators TZ^ and 
T w contain staggered bosons, which means that they necessarily decouple when we 
put heavy modes to zero. The symmetric part of the anti-commutator between Q 
and Q is zero for the continuum pp-wave string^. The two terms in the {Q, Q} indeed 
vanish in the continuum limit, but for different reasons: the operator V is of the 
staggered boson type, while contains a discretized version of the second derivative 
of x which lacks one power of the inverse lattice spacing. 



§The anti-symmetric part, which we do not discuss here, is proportional to a linear combination 
of SO (A) rotation generators .1 . 
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5 Conclusions 



In this paper we have proposed a modification the string bit model [9 in which 
the fermion doubling is taken into account. By taking advantage of the doubling, 
we construct two fermions in the continuum from a single lattice fermion and its 
doubler. We have shown that the correct spectrum of the type IIB string in the pp- 
wave emerges in the continuum limit. We have also checked that the super symmetry 
generators obey the expected algebra if we limit ourselves to the states that remain 
light in the continuum limit and that supersymmetry transformations do not mix 
the light states with heavy lattice modes. Our approach crucially depends on the 
fact that world-sheet fermions of the IIB string belong to the same representation of 
SO (8). It would be interesting to see whether a similar construction can be made 
to work for the IIA string where the two sets of fermions transform differently under 
SO (8). 

We have not discussed multi-string states and have not addressed the problem of 
constructing interaction vertices. We believe, however, that it should be relatively 
straightforward to make the appropriate modifications of the original string bit model 
|H| given our results about fermion doubling. 

One of the main motivations for considering string bit models is the hope that 
they may provide an adequate dual description of the SYM theory [5J In the 
context of the pp-wave strings, the SYM operators that are dual to fermion states of 
the string are known and were shown to combine into complete supermultiplets |22j . 
even before taking the continuum limit, which shows that supersymmetry is really 
important here. It is also worth mentioning that discretized analogs of the string 
Hamiltonian which naturally arise in the SYM theory are Hamiltonians of integrable 
spin chains |2lH |2"H 125] . It would be very interesting to find connections between the 
integrable spin chains and the string bit models. 
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